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TRIGONOMETRY

Trigonemetric functions like 
sin(𝜃), cos 𝜃 are periodic, meaning 
that 𝑓(𝜃) = 𝑓(𝜃 + 2𝜋).

Alternatively, we can think of them as 
functions on the unit circle via 𝜃 ⟼
cos 𝜃 , sin 𝜃 .

The unit circle consists of all (𝑥, 𝑦) with 
𝑥3 + 𝑦3 = 1

Any periodic function in 𝜃 defines a 
function on the unit circle, so it depends 
only on sin(𝜃), cos 𝜃



A NEW ERA

It is the dawn of the 19th century. 
The fabric of European society is 
rocked by Revolution after 
Revolution. Nothing will ever be 
the same…



BRAVE NEW MATHEMATICS

•Functions of the real numbers and 
trigonometry were relics of the 
ancien régime: what could be left 
to discover about the circle? 

•In 1814 Augustin-Louis Cauchy, a 
24-year-old disillusioned 
engineer, inaugurates the field of 
complex analysis: calculus with 
functions defined on the complex 
numbers. 

•The theory of such functions is 
remarkably rich, revealing many 
hidden structures and symmetries, 
and their study is a dominant 
theme in 19th-century 
mathematics. 



ELLIPTIC FUNCTIONS

•The complex plane offers an additional degree of 
freedom (the imaginary axis), making more 
symmetries possible. 

•An elliptic function is a function on the complex 
plane which is periodic in two different directions: 
formally, we require 𝑓(𝑧) = 𝑓(𝑧 + 1) and 𝑓(𝑧) =
𝑓(𝑧 + 𝜏) for some complex number 𝜏 = 𝑎 + 𝑏𝑖 with 
𝑏 > 0. 

•Just as trigonometric functions are functions on the 
unit circle, elliptic functions are functions on an 
elliptic curve, a donut-shaped surface.



ELLIPTIC CURVES

•If 𝑓(𝑧) is an elliptic function with periods 1 and 𝜏, 
then 𝑓 𝑧 + 𝑛 +𝑚𝜏 = 𝑓(𝑧) for any integers 𝑛,𝑚. 
Drawing all of the points 𝑛 +𝑚𝜏 on the complex 
plane gives us a lattice. 

•If we fold the complex plane along the two pairs of 
parallel lines, we get a donut-shaped surface called 
an elliptic curve, denoted 𝐸?
•Thus, an elliptic function with periods 1, 𝜏 is exactly 
a (complex-analytic) function defined on the elliptic 
curve 𝐸?.



UNIVERSAL ELLIPTIC 
FUNCTIONS
•Recall that the map θ ⟼ (sin 𝜃 , cos 𝜃 ) defined a map from 
the real line to the unit circle 𝑥3 + 𝑦3 = 1, allowing us to think of 
any periodic function as depending only on sin 𝜃 and cos 𝜃 : 
sine and cosine are the “universal trigonometric functions”.

•Something similar happens for elliptic functions: for any 𝜏, there is 
an elliptic function ℘?(𝑧) with periods 1 and 𝜏, called the 
Weierstrass ℘-function. 

•Any elliptic function with periods 1 and 𝜏 may be written as a 
quotient of polynomials in ℘?(𝑧) and its derivative ℘?

B 𝑧 .

•The map 𝑧 ⟼ (℘?(𝑧), ℘?
B 𝑧 ) sends the complex plane to the set 

of solutions 𝑥, 𝑦 ∈ ℂ×ℂ to the polynomial
𝑦3 = 4𝑥G − 𝑔3,? 𝑥 − 𝑔G,?

•Thus, we can think of the elliptic curve 𝐸? as this set.



MODULAR FUNCTIONS

•Unlike the case of trigonometric functions, elliptic functions have the additional 
parameter 𝜏 floating around, which describes the shape of the corresponding lattice. 

•Various quantities attached to the Weierstrass ℘-function are interesting functions of 
the complex variable 𝜏. For example, we have

𝑔3,? = J
K,L

60
(𝑛 +𝑚𝜏)N

where (℘B)3= 4℘G − 𝑔3,? ℘ − 𝑔G,?. 

•These functions are examples of modular forms, and exhibit remarkable symmetries.





MODULAR SYMMETRIES

•Modular forms are functions 𝑓 𝜏
of a complex variable 𝜏 = 𝑎 + 𝑏𝑖
with 𝑏 > 0 with the following two 
symmetries:
• 𝑓 𝜏 + 1 = 𝑓 𝜏
• 𝑓 − ⁄P ? = τR𝑓(𝜏)

•Associating the elliptic curve 𝐸? to 
𝜏, these relations say exactly that 
𝑓 𝜏 only depends on 𝐸?, so 
modular forms are functions on the 
set of elliptic curves. 



APPLICATIONS

•Elliptic curve cryptography

•What numbers are sums of squares? 

•Fermat’s Last Theorem: for any 𝑛 >
2, there are no non-zero integers 
(𝑥, 𝑦, 𝑧) with 𝑥K + 𝑦K = 𝑧K

•String theory (?!?!)





DEDICATION

•Thanks to Elias Stein (1931-
2018) for exposing me to 
these beautiful ideas.

•For much more where this 
came from, check out 
Complex Analysis by Stein 
and Shakarchi: it’s a 
beautiful book, assuming 
only familiarity with calculus 
as background.


